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Adiabatic quantum computation (AQC) [1] is a
promising counterpart of universal quantum com-
putation [2], based on the key concept of quan-
tum annealing (QA) [3]. QA is claimed to be
at the basis of commercial quantum computers
[4] and benefits from the fact that the detrimen-
tal role of decoherence and dephasing seems to
have poor impact on the annealing towards the
ground state. While many papers [5–7] show in-
teresting optimization results with a sizable num-
ber of qubits, a clear evidence of a full quan-
tum coherent behavior during the whole anneal-
ing procedure is still lacking. In this paper we
show that quantum non-demolition (weak) mea-
surements [8] of Leggett Garg inequalities can be
used to efficiently assess the quantumness of the
QA procedure. Numerical simulations based on
a weak coupling Lindblad approach [9] are com-
pared with classical Langevin simulations to sup-
port our statements.
Although any quantum algorithm can be run on adi-
abatic quantum computers [10], the interest of the sci-
entific community is focused on decision and optimiza-
tion problems that are very difficult to handle on classi-
cal computers, because their computational time, most
of the times, grows exponentially with the number of
bits. Optimization problems can be mapped onto com-
plex many body hamiltonians [11], hence AQC is also
of outmost interest from the fundamental point of view,
as it may provide insights into longstanding problems in
modern condensed matter physics such as physics of the
strongly correlated cuprate materials [12] and of the spin
glasses [13].
AQC is founded on QA, a slow quantum dynamics
that proceeds from an initial Hamiltonian with a triv-
ial ground state (easy to prepare), to a final Hamiltonian
whose ground state encodes the solution of the computa-
tional problem. The adiabatic theorem guarantees that
the system will track the instantaneous ground state if
the Hamiltonian varies sufficiently slowly [14]. QA can
perform better than thermal annealing [15, 16], however,
to the date, there are only a few problems where this
quantum speed-up has been clearly demonstrated.
Furthermore, in the last few years, there has been a re-
newed interest in QA [17–21], because physical supercon-
ducting implementations of ”quantum” annealers [5–7]
up to thousand of spins have been used to obtain the GS
of interacting many body Hamiltonians. Moreover also
optical techniques have been successfully used [22, 23],
though with a smaller number of qubits. In real devices,
the presence of the environment introduces decoherence
and thermalization time scales that have to be longer
than the annealing time [9]. This condition does not
strictly guarantee that the dynamics can be assumed to
be quantum for the whole evolution. Moreover, as the
presence of a classicizing environment is unavoidable, the
questions we want to address in the present letter are the
following:
To what extent, the QA can be considered a quan-
tum coherent dynamics, in the presence of a dissi-
pative environment?
Once we choose an annealing time tf at which a cer-
tain target state is (almost) reached, is it possible
to find a ”quantumness” estimator of the evolution
towards such state?
Giving a clear answer to the previous questions, is not
only a matter of semantics. It is well known that quan-
tum speed up [2] can only be accessed if quantum me-
chanical coherence is preserved during the whole dynam-
ics.
In order to answer to these questions, we propose
to evaluate the Leggett-Garg’s inequalities (LGI) dur-
ing the QA. LGI were developed in 1985, to study
quantum coherence properties of macroscopic quantum
systems [24], that have been recently studied to assess
the quantumness of a damped two level system [25].
They are Bell’s-like inequalities in time, and predict
anomalous values for some correlation functions that
are only possible if the system behaves according to
quantum mechanics. They also provide sharp bounds
for classical correlation functions [26].
In this paper we focus on a simple model i.e. we study
the QA of a single qubit.
Of course, the dynamics of a single qubit does not con-
tain all the relevant ingredients of an interacting multi-
qubit system. Phenomena like many-body tunneling, en-
tanglement, and many body localization are, of course,
not included. Although the generalization of the pro-
posed approach to multi-qubits is straightforward (see
Supplementary Information) we believe that the simple
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2single-qubit case is the fundamental first step for un-
derstanding how quantum mechanical coherent behav-
iors are spoiled by the system-bath interaction, even if
it neglects the aforementioned many-qubit phenomena.
However, even if a full analisys is beyond the aim of the
present work, in the Supplementary Information we show
that the proposed procedure is still meaningful for two
interacting qubits providing that the coupling is not very
strong. Hence, in the following, for sake of clarity, we give
a detailed description of the physics of the single qubit.
The QA is described by the following time-dependent
Hamiltonian:
H(s) = (1− s)Γx
2
σx + s
Γz
2
σz. (1)
where s = t/tf , s ∈ [0, 1], tf is so-called annealing time
and σi (i = x, z) are the Pauli matrices describing the
qubit as a quantum two level system. At the initial time
s = 0 the system is prepared into the GS that is the σx
eigenstate |GS(0)〉 = 1/√2(| ↑〉− | ↓〉), and eventually at
the final time s = 1 it is annealed towards |GS(1)〉 = | ↓〉.
Of course this single qubit QA does not entail the com-
plexity of a many qubit problem, however it is a simple
prototypical model to address decoherence and relaxation
phenomena out of equilibrium. Following Ref. [27], we set
our time/energy scale choosing Γx = Γz = 1GHz (that is
the typical working frequency of the experimentally rele-
vant annealers based on superconducting flux qubits [4])
and express all the energies in units of Γx (times in units
of 1/Γx, ~ = 1). The qubit environment is described by
a bath of bosonic harmonic oscillators in thermal equi-
librium at the inverse temperature β = 1/kBT (kB is
the Boltzmann constant). The qubit bath coupling is
described by an ohmic spectral density whose effective
interaction strength is the dimensionless parameter α.
At α = 1 (for s = 0) the system undergoes the Leggett
transition [28], however in this paper we will focus on the
weak coupling limit (α  1) far away from this critical
point. For a detailed description of the system bath in-
teraction please refer to the Supplementary Information.
The reduced density matrix ρQ describing the qubit
only is obtained by tracing over the environment degrees
of freedom. We adopt a Lindblad approach (for details
see Ref.s [9, 29]) that gives the following master equation
for the density matrix:
dρQ(t)
dt
= −i[H(t) +HLS(t), ρQ(t)] +Dt[ρQ(t)], (2)
where HLS(t) is the Lamb shift Hamiltonian and Dt is
the dissipator, responsible for the non unitary dynamics.
They are both described in terms of local (in time) Lind-
blad operators L(t). A detailed description of HLS(t), Dt
and the Lindblad operators is given in the Supplemen-
tary Information.
In this paper we focus on two estimators.
The residual energy res tells us whether our adiabatic
dynamics is successful (or not) in reaching the target
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FIG. 1. Log-log plot of the residual energy of the system
as a function of the variance D and of the times at which
the measurements are performed: t1 = τ and t2 = 2τ . We
set tf = 14. We observe that the residual energy decreases
eventually going to 5.49 · 10−4 which is the residual energy
of the system in the absence of measurements. The inset in
the right top corner shows a diagram of the system-ancilla
ensemble.
state and is defined as the difference between the energy
of the system at the final time tf and the exact ground
state E0(tf ) of the target Hamiltonian H(tf ).
res = Tr[ρQH(tf )]− E0(tf ), (3)
Of course, due to the adiabatic theorem [30] res tends
to zero if tf →∞, if the evolution is unitary.
The Leggett-Garg’s correlation functions tell us if the
system behaves quantum coeherently during its dynam-
ics [26]. We focus on the third-order Leggett-Garg’s func-
tion:
Ka3 = C12 + C23 − C13 (4)
Ci,j = 〈σz(ti)σz(tj)〉
and other nonequivalent third order functions Kb3 =
−C12−C23−C13, and Kc3 = −C12 +C13 +C13 obtained
by nontrivial cycling of the 1, 2, 3 indexes (all the other
permutations are trivially reduced to one of these three).
If the system behaves classically then:
− 3 ≤ Ki3 ≤ 1 , i ∈ {a, b, c}; . (5)
Hence, in the following, we seek for violation of Leggett
Garg’s inequalities during the annealing to make sure
that our system behaves quantum mechanically up to
the annealing time tf .
Studying the LGI requires the evaluation of two times
correlation functions, which implies measuring the sys-
tem twice during the annealing dynamics. Conventional
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FIG. 2. Plot of the Leggett-Garg’s function, in the absence
of coupling to the environment. The lines are obtained per-
forming projective measurements. The dots are calculated
with weak measurements considering N = 106, D = 20. Ka3
in red, Kb3 in black and K
c
3 in green. The orange line marks
the bound of the LGI. Here τ = t2− t1 = t3− t2, τ ∈ [0, tf/2].
projective measurements [2] are detrimental for the adi-
abatic quantum computation, indeed after the measure-
ment the system may populate instantaneously many ex-
cited states (see Supplementary Information) reducing
the fidelity very close to zero. By contrast, we adopt
the paradigm of weak measurements [8], to gain relevant
information from the LGI with negligible effect on the
annealing results.
In particular we propose adopting the measurement ap-
proach designed in Ref. [31] to weakly measure the LGI.
The qubit described by a pseudospin degree of freedom
σz is coupled to an ancilla. Measuring the ancilla we can
extract information on the qubit state. The stronger the
coupling between the two systems, the larger the influ-
ence on the quantum annealing dynamics (for a detailed
discussion on the measurement scheme see Supplemen-
tary Information). In order to specify an experimentally
accessible weak measurement setup, following Ref. [31],
we describe a superconducting flux qubit (based, for in-
stance on a RF SQUID) inductively coupled to a hys-
teretic DC SQUID acting as an ancilla device as shown
in the inset of Fig. 1. The ancilla is biased close to its
critical current via a short current pulse. The interaction
between the two loops is given by HI = MIpσzJ where
Ip is the current circulating in the qubit, J the current in
the ancilla and M the mutual inductance coefficient. At
this point the ancilla has a certain probability of switch-
ing to the dissipative state, depending on the value of
σz, hence on the qubit state. We propose to measure
the output voltage of the ancilla SQUID, which hence is
intimately connected to the qubit state. If the ancilla
relaxation time is shorter than the, so called, discrimina-
tion time (for which the signal to noise ratio is close to
unity [32]), one cannot determine with certainty which is
the output voltage, then σz. Therefore one may consider
the value of the voltage as distributed according to the
following probability distribution P (V ) as in [33]:
P (V ) = ρQ↓↓P−(V ) + ρQ↑↑P+(V ). (6)
Here V is binormally distributed, peaked around the two
values it could assume in the case of projective measure-
ments, say V0 and V¯ (P± are the gaussians distributions
centred around the two voltage states, V0 and V¯ ). Then
the qubit state σz can be derived from the output V and
will be distributed according to P(σz) as well, peaked
around (-1,1), with a variance D proportional to the ra-
tio between the the ancilla relaxation time and the dis-
crimination time. The quantities ρQ↓↓ and ρQ↑↑ are the
diagonal elements of the qubit density matrix ρQ in the
computational basis(|↑〉 , |↓〉).
Within this approach, it is also possible to calculate how
measuring the ancilla influences the qubit. Indeed, the
update rule of the density matrix ρQ becomes very simple
(see Supplementary Information) and it is evident that
the shorter is the pulse, the less the system is perturbed.
The density matrix ρ′Q after the measurement is related
to the one before the measurement ρQ by the update rule
[34, 35]:
ρ′Q =
1
ρQ↓↓eγ + ρQ↑↑e−γ
(
ρQ↓↓eγ ρQ↓↑
ρ∗Q↓↑ ρQ↑↑e
−γ
)
, (7)
where γ = σz(t)/D.
In order to extract meaningful information on the qubit,
one must repeat the same evolution many times and
evaluate σz(t) as the average of the different results.
This approach allows us to simultaneously measure
spin-spin correlation functions, with negligible effect on
the annealing dynamics, hence on the residual energy
as it will be clearer in the following (detail on our weak
measurement scheme in Supplementary Information).
Results and Discussion
In our model hamiltonian, we choose tf = 14 as anneal-
ing time. In the unitary limit, this guarantees that the
adiabatic condition is fully satisfied. Adiabaticity is evi-
dent by analysing the behaviour of the residual energy as
a function of t/tf at fixed tf = 14 and the corresponding
ground state population (see Supplementary Information
Fig. 1 bottom left panel). At the final time the residual
energy is very close to zero res = 5.49 × 10−4 and
the fidelity (ground state population at the annealing
time) is ρQ↓↓(tf ) = 0.999, when no spin-spin correlation
function is ”measured” during the annealing dynamics,
in agreemeent with Ref. [27].
As the Hamiltonian is time dependent, we expect that
Ci,j will have a generic dependance on the two times
(ti, tj), Ci,j = Ci,j(ti, tj). However in the following we
study the LGI as a function of τ = t2 − t1 = t3 − t2,
because maximum violation is expected (in the absence
4of dissipative baths) when the three times are equally
spaced.
When evaluating Ci,j we perfom two weak measure-
ments per annealing and then calculate their expectation
values averaging over N repeated dynamics. The larger
the variance D, the less the system is affected by the
maesurement, and the closer is the residual energy to its
unperturbed value.
To analyse how the measurement procedure affects the
dynamics, in Fig. 1 we show the residual energy for
the anneling Hamiltonian of Eq.(1), with no interaction
with the environment, obtained for different choices of
the variance D, at different values of τ . The results are
presented repeating the evolution N = 106 times.
The residual energy res at D = 20 ranges from 7.0×10−3
to 2.5 × 10−2 depending on τ . Correspondingly, the
fidelity ranges from 0.973 to 0.993. That makes us
comfortable about the convergence of the annealing
procedure towards the target state, hence we choose
D = 20 for all the following simulations.
In Fig.2 we show the Leggett-Garg’s functions during
the annealing dynamics in the unitary case, to be
compared with the outcomes in the presence of a deco-
herence bath. The bold lines are obtained in the case
of projective measurements, while the dots represent
weak measurement results. While in a single ”weak”
measurement procedure, occasional violations may be
driven by the system-detector interaction, averaging
over N reapeated measures, assures the convergence
to the projective results. The agreement between the
correlation functions calculated by means of projective
and weak measurements demonstrate that our method
reproduce the same correlations without affecting in a
significant way the residual energy. Hence the quantum
computation can be successful even during the LGI
testing.
We clearly see that all the Leggett-Garg’s functions
go beyond the unitary ”classical” limit. Kb3 and K
c
3
are violated at intermediate times while Ka3 for short
and long times. Remarkably, at short times, Ka3 and
Kb3 show complementary violations, as well as in the
case of a single qubit oscillating between its two states,
at its own frequency (without annealing) [26], that
is possibly due to the fact that, at short times, the
qubit hamiltonian is ”mostly” proportional to σx [25].
Moreover, at τ = tf/2 = 7 there is a significant violation
of Ka3 . This value corresponds to a final measurement
time t3 = tf = 14. Hence a violation of K
a
3 at τ = tf/2,
is particularly relevant, because it is a direct proof
of quantum coherence until the end of the annealing
dynamics. Hence in the following we will focus on the
long time (τ ∼ tf/2) behavior of Ka3 .
Now we move to discuss the same results in the presence
of the dissipative environment. Hence, we turn on the
system bath interaction and again calculate the LGIs
fixing D = 20, tf = 14. The value of K
a
3 drops below
the classical bound for the LGIs at the final time both
increasing the temperature (see Fig. 3 a) and increasing
the coupling α (see Fig. 3 b). That corresponds to a lost
quantum coherence at the annealing time tf .
It is evident that the temperature plays a key role in
the detrimental effect of the thermal bath. For low
temperatures the quantum behavior persists during the
whole evolution even in the presence a finite of coupling
with the environment. By contrast, increasing the
temperature, the time during which the system shows
quantum features decreases, eventually going to zero for
very high temperatures.
Since we have used a master equation in the Lindblad
form, we must consider that this approach guarantees
reliable results only in the weak coupling limit. There-
fore the results shown for very high temperatures, and
strong coupling, might be beyond our approximation
and have to be considered with care. Moreover, at
high temperatures, also the description of a SQUID
flux-qubit as a two level system ceases to be correct.
Hence we focus on results at low temperatures (β = 10)
and weak-intermediate couplings. In this case (Fig. 3b))
the Ka3 function violate the unitary limit at long times
from α = 0 up to α = 10−3. However increasing the
coupling to α = 10−2 the value of Ka3 is very close to
its ”classical” upper bound. Hence, in this case, we
decided to simulate the system also using a classical
Langevin dynamics to assess the LG functions in the
absence of quantum correlations, as a comparison case
(see Supplemetary Information). Results are presented
in the bottom panels of Fig.s 3c), 3d). First of all we
notice that, as expected, the LG functions never violates
their calssical upper bounds (dashed line). Interestingly
enough, the high temperature results (see Fig.s 3a)
and c)) show agreement between classical and quantum
dynamics. Of course we cannot make strong claims
comparing Langevin and Lindblad dynamics, however
this result points to poor quantum correlations in the
Lindblad dynamics at these couplings. In the case of low
temperatures (see Fig.s 3b) and d)), at weak coupling we
show a completely different behavior of the Ka3 that can
be hence used as quantum estimator. At intermediate
couplings, quantum dynamics does not allow for full
violation of LGI, nontheless, the behavior of Ka3 show
remarkable and qualitative differences with respect to
the classical case. In particular we notice that the
ordering of the curves as a function of the coupling at
the annealing time (corresponding to τ = 7) is reversed
between the quantum and the classical case, except for
the cases α = 0, 10−3. Hence, even in these ”border
line” cases, the evaluation of LGI’s could be relevant to
asses whether the dynamics has occurred via a quantum
or a classical path. A comparative analysis of long time
dynamics is shown in the Supplementary Information.
In conclusion, the presence of a dissipative environ-
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FIG. 3. Plot of the Leggett-Garg’s function Ka3 during the annealing dynamics. The black dashed line highlights the upper
bound for the LGIs. The LG’s functions are plotted as a function of the difference of the times at which the measurements
are perfomed: t2 − t1 = t3 − t2 = τ (in units of ~/Γx with ~ = 1). The time τ goes from 0 to tf/2 so that it scans the
whole evolution (tf = 14). Top panels present results of quantum simulations, bottom panels of classical Langevin dynamics
described in the Supplementary Information. In a) and c) we set α = 10−3, in b) and d) β = 10.
ment can modify the dynamics of a quantum two level
system during the QA. In general, it is detrimental even
if, under particular cirumstances, it may also improve
annealing performaces [36]. This does not forbid, in
principle, to successfully reach the target state at the
annealing time. The question whether the dynamics has
driven the system through a quantum or a classical path,
up to now, remained unanswered and only partially
addressed in the literature.
In this paper we propose a new, powerful and experi-
mentally accessible method to assess the quantumness
of a system during its adiabatic evolution, based on
the LGI that we evaluate in the framework of weak
measurements.
It allows us to show that time correlations can be
measured without perturbing the annealing dynamics
and that LGIs hold information about the interaction
with the environment and can be used as witness of
quantum coherence.
Do our results allow us to answer the point raised at the
beginning of this paper? Namely: are real annealers,
claimed to work performing adiabatic quantum compu-
tation, really quantum annealers? Are their outcomes
macroscopic manifestations of quantum mechanics?
Our results show, for a very simple model, that if one
measures the LGIs along the adiabatic dynamics, a pos-
sible, yet non trivial, outcome could be that Ka3 (tf/2)
contains all the information we need to assess if the
final result of the computation is quantum or not. In
the case of long time violation Ka3 (tf/2) > 1 the result
has to be considered as quantum, even in the presence
of a dissipative bath. In borderline cases Ka3 (tf/2) ∼ 1,
a careful analysis of the Ka3 behaviour as a function of
time, could unveil the characteristics of the dynamics,
namely if it was quantum, classical, or due to a non
trivial occurrence of quantum and classical mechanisms.
However this approach is still at its infancy. Extending
it to more complicated ensembles like N spin Ising chains
would be a fascinating way along which to proceed.
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